The connection between renormalons and power corrections is discussed in the case the effective coupling constant has an infrared fixed point of perturbative origin.
The connection between renormalons and Landau singularity has been pointed out recently 1,2 to be more subtle then usually believed . In particular , it has been shown that renormalons are still present even in the case the effective coupling constant has an infrared (IR) fixed point of entirely perturbative origin , and hence no Landau singularity for positive initial values of the coupling.That the position and nature of the renormalon is determined only by the first two terms (one and two loop) of the beta function was known long ago 3, 4 (in this sense , the renormalon is a perturbative singularity , although its normalization depends on all orders of perturbation theory 5, 6 ).This result implies however that the Borel sum,which is ambiguous owing to the renormalon, cannot coincide with the exact amplitude ,which is well defined in this case:they in fact differ by a (complex) power correction.I shall review a simple toy model where this fact is explicitly demonstrated.Consider the typical IR renormalon integral:
where α = α ef f (k = Q) , and α ef f (k) is a renormalization group (RG) invariant effective coupling (I assume n > 0, so that the integral in Eq. (1) is IR convergent order by order in perturbation theory).Assume further that α ef f (k) satisfies the two loop renormalization group equation:
Performing the change of variable (adapted from a similar one suggested in 7 ):
(with z n = n/β 0 ) , and assuming that β 1 /β 0 < 0 , so that α ef f (k) has an IR fixed point at α IR = −β 0 /β 1 ,the integral in Eq. (1) becomes 1 : (4) differs from the Borel sum :
by a power correction:
where
δ and the solution of Eq. (2) was used in the last step . The same method can deal with the case α < 0, where one is in the domain of attraction of the trivial IR fixed point.One gets:
i.e. the analytic continuation of R P T (α) to α < 0 and no power correction.Note that Eq. (4) is not the analytic continuation of Eq. (7) , which suggests that R(α) is given by two different analytic expressions according whether α is in the domain of attraction of the trivial or of the non-trivial IR fixed point. That this feature is quite general has been shown in 2 , where it was observed that R(α) in Eq. (1) satisfies the inhomogeneous differential equation:
where β(α) = dα dlnQ 2 is a general beta function.The solution is :
where the second factor is the solution of the homogeneous equation , and:
This result can also been obtained by performing the change of variable k → α ef f (k) in the defining integral Eq.
(1) , which shows that α 0 = α ef f (k = 0) . Consequently , R(α) does indeed take two different analytic forms , according whether α 0 = 0 or α 0 = α IR , corresponding to the initial value α being on one side or another of the "separatrix" 2 in the complex α plane (more generally, one can consider the case of an arbitrary value 0 < α 0 < α IR , which corresponds to put an IR cut-off in the integral Eq. (1) at k = k min > 0 with α ef f (k = k min ) = α 0 ) . Since two solutions of Eq. (8) differ by a solution of the homogeneous equation, which is just a power correction, one gets:
where R P T (α) is the solution corresponding to α 0 = 0 , which , as we have seen in a peculiar case above (Eq. (7)) , can be shown to be given by the Borel sum :
To compute the normalization C of the power correction in Eq. (11) , it is useful to transform Eq. (8) 
. The crucial observation (made independently in
2 ) is that R(α) remains finite (and approaches α IR ) for Q 2 → 0 , as is clear from Eq. (1) . Eq. (11) then implies that
This behavior can be reproduced with the following ansatz for the "strong coupling" (z → +∞) behavior of R(z) (assuming α IR is a simple zero of β(α)) . Put :
and assume :
with a < 1 . It is easy to show from the Borel representation Eq. (12) these conditions indeed imply :
where ω is the "critical exponent" :
Eq. (16) determines C = −KΓ(1 − a) from the large z behavior of R(z) and reveals that n = ω(1 − a) . The connection of the power correction with renormalons stems from the observation that K is in general complex : K = (−1) δ K sing +K reg where the two real constants K sing and K reg normalize the asymptotic behavior of the singular "renormalon part" R sing (z) and of the regular part R reg (z) respectively , defined by :
where are not necessarily a signal for non-perturbative physics . They do however imply the inadequacy of the Borel summation procedure , which has to be amended by a power correction.The latter appears difficult to distinguish from "genuine" power corrections of truly non-perturbative origin (such as QCD sum rules "condensates" 8 ) . One attractive possibility is to assume 8 that "genuine" power corrections are much larger , in some relevant energy range where perturbative QCD still applies , then the purely perturbative radiative corrections : such a "mismatch" is probably not possible with the type of perturbatively generated power corrections here investigated. This feature would also make a (perturbatively) IR finite effective coupling an attractive starting point to clarify what is meant by "perturbative " versus "power corrections " contributions to a process (see the approach of 9, 10 ) .
